
PHYS 121 Quantum Mechanics Equation Sheet

Statistics & Probability
Discrete: ⟨f⟩ =

∑
j f(j)P (j),

∑
j P (j) = 1.

Continuous: ⟨f(x)⟩ =
∫
f(x)ρ(x)dx,

∫
ρ(x)dx = 1.

P (a < x < b) =
∫ b
a
ρ(x)dx.

σ2 =
〈
(x− ⟨x⟩)2

〉
=

〈
x2

〉
− ⟨x⟩2, σ =

√
σ2.

ρ = |ψ|2, ⟨A⟩ =
∫
ψ∗ Â ψ dx.

Operators & Commutators
x̂ = x, p̂ = −iℏ ∂x, Ĥ = p̂2/2m+ V .
[A,B] = AB − BA.
σAσB ≥ 1

2 | ⟨[A,B]⟩ |.
Ehrenfest: d

dt ⟨A⟩ = i
ℏ ⟨[H,A]⟩ + ⟨∂tA⟩.

Schrödinger Equations

TDSE: iℏ ∂tψ =
[
− ℏ2

2m∇2 + V
]
ψ.

TISE:
[
− ℏ2

2m∇2 + V
]
ψ = Eψ.

Stationary: ψ(r, t) = ψ(r)e−iEt/ℏ, |ψ|2 time-
independent.

Free Particle & Fourier
V = 0: ψ = (Aeikx+Be−ikx)e−iωt, k = ±

√
2mE/ℏ.

E = ℏω = ℏ2k2/2m, p = ℏk.
ϕ(k) = 1√

2π

∫
ψ(x, 0)e−ikxdx.

ψ(x, t) = 1√
2π

∫
ϕ(k)ei(kx−ωt)dk.

Plancherel:
∫
|ψ|2dx =

∫
|ϕ|2dk.

Reflection/Transmission: R = |r|2, T = |t|2 with
R + T = 1 (flux).

Bound vs. Scattering
Bound: E < V (±∞), ψ→0 as |x|→∞.
Scattering: E > V (±∞), plane-wave asymptotics.

Infinite Square Well
V = 0 for 0 < x < a, V = ∞ else.

ψn =
√

2
a sin nπx

a , En = n2π2ℏ2

2ma2 .

ψ(x, t) =
∑

n cnψn(x)e
−iEnt/ℏ,

cn =
∫ a
0
ψ∗

n(x)ψ(x, 0)dx = ⟨n|ψ(0)⟩.

Quantum Harmonic Oscillator

V = 1
2mω

2x2, ω =
√
k/m.

a =
√

mω
2ℏ x+ i√

2mωℏ
p, [a, a†] = 1.

H = ℏω
(
a†a+ 1

2

)
, En = ℏω

(
n+ 1

2

)
.

a† |n⟩ =
√
n+ 1 |n+ 1⟩, a |n⟩ =

√
n |n− 1⟩.

x =
√

ℏ
2mω (a+ a†), p = i

√
ℏmω

2 (a† − a).

ψ0 =
(
mω
πℏ

)1/4 e−mωx2/2ℏ.

ψn = 1√
2nn!

(
mω
πℏ

)1/4Hn(ξ)e
−ξ2/2, ξ =

√
mω
ℏ x.

Hn(ξ) = (−1)neξ
2 dn

dξn e−ξ2 .

Linear Algebra (Dirac)

A† = (A∗)T . Hermitian: A = A† (real eigenvalues).

Unitary: U†U = I. Orthogonal: OTO = I.
Orthonormal basis:

∑
n |n⟩ ⟨n| = I, ⟨m|n⟩ = δmn.

|ψ⟩ =
∑

n cn |n⟩, cn = ⟨n|ψ⟩.

Angular Momentum
[Li, Lj ] = iℏ εijkLk, [L

2, Li] = 0.

L2 |lm⟩ = ℏ2l(l + 1) |lm⟩, Lz |lm⟩ = ℏm |lm⟩.
L± = Lx ± iLy, L± |lm⟩ =

ℏ
√
l(l + 1) −m(m± 1) |l,m± 1⟩.

3D Central Potentials
ψ(r) = Rnl(r)Y

m
l (θ, ϕ), n = 1, 2, . . ., l =

0, . . . , n− 1.

∇2 = 1
r2

∂
∂r

(
r2 ∂

∂r

)
− L2

ℏ2r2
.

L2 = −ℏ2
[

1
sin θ ∂θ(sin θ ∂θ) +

1
sin2 θ

∂2
ϕ

]
.

Ym
l = (−1)m

√
2l+1
4π

(l−m)!
(l+m)!

Pm
l (cos θ)eimϕ.

Pm
l (x) = (1 − x2)m/2 dm

dxm Pl(x),

Pl(x) = 1

2ll!

dl

dxl (x
2 − 1)l.

Hydrogen Atom

V (r) = − e2

4πε0r , a0 =
4πε0ℏ2

me2
.

En = − me4

2(4πε0)2ℏ2
1
n2 = − 13.6 eV

n2 .

ρ = 2r
na0

,

Rnl =
(

2
na0

)3/2
√

(n−l−1)!
2n[(n+l)!]

e−ρ/2ρlL2l+1
n−l−1(ρ).

Spin-1/2
S2 |sm⟩ = ℏ2s(s+ 1) |sm⟩, Sz |sm⟩ = ℏm |sm⟩.
s = 1

2 , m = ± 1
2 . S± = Sx ± iSy .

Si = ℏ
2 σi,

σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
.

|+z⟩ =

(
1
0

)
, |−z⟩ =

(
0
1

)
.

Perturbation Theory
H = H0 + λH′, |n⟩ =

∣∣n0
〉
+ λ

∣∣n1
〉
+ · · · .

En = E0
n + λE1

n + λ2E2
n + · · · .

E1
n =

〈
n0

∣∣H′ ∣∣n0
〉
.∣∣n1

〉
=

∑
m̸=n

〈
m0

∣∣∣H′
∣∣∣n0

〉
E0

n−E0
m

∣∣m0
〉
.

E2
n =

∑
m̸=n

|
〈
m0

∣∣∣H′
∣∣∣n0

〉
|2

E0
n−E0

m
.

Degenerate: diagonalize H′ within degenerate sub-
space.

TDPT: c
(1)
f (t) = 1

iℏ
∫ t
0
⟨f |H′(t′) |i⟩ eiωfit

′
dt′,

ωfi = (Ef − Ei)/ℏ, wi→f = 2π
ℏ | ⟨f |H′ |i⟩ |2ρ(Ef ).



WKB Approximation

p(x) =
√

2m[E − V (x)].

Allowed region: ψ ≈ C√
p(x)

cos
(

1
ℏ
∫ xp(x′)dx′ − π

4

)
.

Quantization (two soft turning points):∫ x2
x1

p(x)dx =
(
n+ 1

2

)
πℏ.

Two hard walls:
∫ x2
x1

p(x)dx = nπℏ.
One hard wall + one soft turning point:∫ x2
x1

p(x)dx =
(
n+ 3

4

)
πℏ.

Gram–Schmidt
|e1⟩ = |a1⟩ /∥ |a1⟩ ∥.
|u2⟩ = |a2⟩ − ⟨e1|a2⟩ |e1⟩, |e2⟩ = |u2⟩ /∥ |u2⟩ ∥.
|u3⟩ = |a3⟩ − ⟨e1|a3⟩ |e1⟩ − ⟨e2|a3⟩ |e2⟩,
|e3⟩ = |u3⟩ /∥ |u3⟩ ∥.

Taylor Series

f(a+ h) =
∑∞

n=0
f(n)(a)

n! hn.

sin2 θ = 1
2 (1 − cos 2θ), cos2 θ = 1

2 (1 + cos 2θ).

Gaussian Integrals∫ ∞
−∞ e−αx2

dx =
√

π
α .∫ ∞

0
x2ne−x2/a2

dx =
√
π

(2n)!

n! 22n+1 a
2n+1.


